We classify complete permutation monomials of degree q n −1 q−1 + 1 over the finite field with q n elements, for n + 1 a prime and (n + 1) 4 < q. As a corollary, a conjecture by Wu, Li, Helleseth, and Zhang is proven. When n + 1 is a power of the characteristic we provide some new examples. Indecomposable exceptional polynomials of degree 8 and 9 are also classified.
Introduction
Let F ℓ denote the finite field of order ℓ and characteristic p. A permutation polynomial (or PP) f (x) ∈ F ℓ [x] is a bijection of F ℓ onto itself. If f (x) ∈ F ℓ is a permutation polynomial over F ℓ m for infinitely many m, then f (x) is said to be an exceptional polynomial over F ℓ . A polynomial f (x) ∈ F ℓ [x] is a complete permutation polynomial (or CPP) of F ℓ if both f (x) and f (x) + x are permutation polynomials of F ℓ .
CPPs are also related to bent and negabent functions which are studied for a number of applications in cryptography, combinatorial designs, and coding theory; see for instance [6, 11, 15, 20] .
The most studied class of CPPs is the monomial one. If there exists a complete permutation monomial of degree d over +1 + bx over F q n are thoroughly investigated for n = 2, n = 3, and n = 4. For n = 6, sufficient conditions for f b to be a PP of F q 6 are provided in [16, 17] in the special cases of characteristic p ∈ {2, 3, 5}, whereas in [1] all a's for which ax q 6 −1 q−1 +1 is a CPP over F q 6 are explicitly listed. The case p = n + 1 is dealt with in [13] .
In this paper we discuss monomials of degree d = q n −1 q−1 + 1 for general n. The starting point of our investigation is the observation that b −1 x d ∈ F q n [x] is a CPP of F q n if and only if b, b q , . . . , b q n−1 are the roots of
for some permutation polynomial g(x) of degree n + 1 over F q such that the first-degree term is not zero. If for a root b of v g (x) the monomial b −1 x d is a CPP over F q n , then g(x) will be called a good PP over F q ; in this case, all roots of v g (x) have the same property. Clearly, a PP g(x) over F q is good if and only if the roots of v g (x) in the algebraic closure of F q form a unique orbit under the action of the Frobenius map x → x q . Our aim is to classify good permutation polynomials over F q . Here we achieve this goal for all n, (n + 1)
4 < q, with the exception of the cases n + 1 = p r , with r > 1, and n + 1 = p r (p r − 1)/2, with p ∈ {2, 3}. For n + 1 = p r we provide several examples. Proposition 3.4 shows that, if q = p k and n + 1 is a prime different from p satisfying gcd(n, k) = gcd(n + 1, p 2 − 1) = 1, then d = Note that since every permutation polynomial with degree less than q 1/4 is exceptional (see [14, Theorem 8.4.19] ), condition (n+1) 4 < q allows us to consider only exceptional polynomials. A key tool in our investigation is the classification of indecomposable exceptional polynomials of degree different from p r for some r > 1; see [14, Section 8.4 ]. If g(x) is a good PP over F q then it is easily seen that c · g(c ′ x) + e is a good PP over F q for each c, c
′ , e ∈ F q with cc ′ = 0. In this paper two PPs g(x) and h(x) over F q will be called CPP-equivalent if there exist c, c
′ , e ∈ F q with cc ′ = 0 such that h(x) = c · g(c ′ x) + e. Note that for g(x) a PP over F q and k ∈ F q , the permutation polynomials g(x + k) and g(x) are equivalent in the usual sense but not CPP-equivalent; in fact, it's possible that one of them is good but the other is not. Note that, when g ′ (x) ranges over the CPP-equivalence class of g(x), the roots of v g ′ (x) range over the roots of v g (x) and their multiples by nonzero elements in F q . We will consider only one polynomial in a CPP-equivalence class. In particular, we assume that g(x) is monic and that g(0) = 0. Since exceptional polynomials only exist for degrees coprime with q − 1, when n is odd we assume that p = 2.
Our first result is that if g is decomposable, that is g is a composition of two exceptional polynomials with degree grater than one, then g is not good; see Proposition 2.4.
If g(x) ∈ F q [x] is a monic indecomposable exceptional polynomial of degree n + 1 with g(0) = 0, then, up to CPP-equivalence, one of the following holds [14, Section 8.4] . A) n + 1 is a prime different from p not dividing q − 1, and
n+1 − e n+1 , with e ∈ F q , or
, where a, e ∈ F q , a = 0, n + 1 ∤ q 2 − 1, and D n+1 (x, a) denotes a Dickson polynomial of degree n + 1. B) n + 1 = p and g(x) = (x + e)((x + e) p−1 r − a) r − e(e p−1 r − a) r , with r | p − 1, a, e ∈ F q , and a r(q−1)/(p−1) = 1.
, and (r, 2m) = 1.
For the case n + 1 = p r , r > 1, Guralnick and Zieve conjectured in [10] that there are no examples of indecomposable exceptional polynomials other than those described in [14, Propositions 8.4.15, 8.4.16, 8.4.17] .
The paper is organized as follows. We classify good exceptional polynomials of type A) and B) in Sections 3 and 4; see Theorems 3.1 and 4.1. We show in Section 5 that certain exceptional polynomials of type C) are not good; see Proposition 5.1. We describe in Section 6 some good exceptional polynomials of type D); see Propositions 6.1, 6.2, and 6.3. Finally, we determine all the exceptional polynomials of degree 8 and 9 (see Propositions 7.1 and 7.5); in this way we provide a proof of the above mentioned Guralnick-Zieve conjecture for the special cases n = 7, 8. As a byproduct, we obtain all the CPPs with n + 1 = 8 and n + 1 = 9; see Corollaries 7.4 and 7.9 in Section 7.
Preliminaries
Throughout the paper, q will be a power p m of a prime p and ζ s will denote a s-th primitive root of unity, for s ≥ 1. We begin this section by rephrasing a result by Wu, Li, Helleseth, and Zhang [18] . For b ∈ F q n , let A i (b) ∈ F q denote the evaluation of the i-th elementary symmetrical polynomial in b, b q , . . . , b q n−1 , that is,
As a matter of notation let A 0 (b) = 1. Recall that b, b q , . . . , b q n−1 are the roots of the polynomial
By [18, Lemma 5] we have the following result.
+1 is a CPP over F q n if and only if gcd(n + 1, q − 1) = 1 and
i be an exceptional polynomial over F q , and assume that λ n = 0 and λ 0 = 1. Consider the polynomial
Note that if n is even, then h g (−x) can be written as
n−i λ n−i x i . If n is odd, then p = 2 and the same relation holds.
This means that, for any root b of v g (x), the monomial b
+1 is a CPP over F q n if and only if the roots of v g (x), or equivalently h g (−x), form a unique orbit under the Frobenius map x → x q . This motivates the following definition. Therefore, the following has been proved.
+1 is a CPP over F q n are the roots of polynomials
, for g ranging over good exceptional polynomials of degree n + 1 over F q , with g(0) = 0 and g ′ (0) = 0.
Note that h g (x) can be viewed as the bivariate polynomial
So, assume that we know the factorization of
into absolutely irreducible factors defined over the algebraic closure of F q , say
Obviously, this can be extremely useful to establish whether an exceptional polynomial g is good or not. Recall that an exceptional polynomial g(t) is decomposable if there exist exceptional polynomials g 1 , g 2 with degree greater than 1 such that g(x) = g 1 (g 2 (x)).
is not decomposable.
Proof. Suppose that g(x) is decomposable and write g(x) = g 1 (g 2 (x)), with polynomials
for some β i ∈ F q . Since
is a factor of positive degree defined over F q , the only possibility for the roots of v g (x) to form a unique orbit under the Frobenius map is that v g (x) is a power of
. Note that 0 cannot be a root of v g (x), since for b = 0 the monomial bx
is not a CPP. On the other hand, any root of a factor
which is impossible since deg(g 1 ) > 1.
CPPs from exceptional polynomials of type A)
Throughout this section we assume that n + 1 ≥ 3 is a prime different from p. We denote by T q n/2 the absolute trace map
We are going to prove the following result.
+1 is a CPP of F q n precisely in the following cases.
• If p = 2:
i) the order of q modulo n + 1 is n and, up to multiplication by a non-zero element in F q , b is as follows:
, and e ∈ F q ; (c) for n/2 odd, b = e(α i − 2) ± β 2 i (e 2 − 4a) for some i ∈ {1, . . . n/2}, a ∈ F * q , and e ∈ F q such that e 2 − 4a is a square in F q .
ii) the order of q modulo n + 1 is n/2, n is not divisible by 4, and, up to multiplication by a non-zero element in
i (e 2 − 4a) for some i ∈ {1, . . . n/2}, a ∈ F * q , and e ∈ F q such that e 2 − 4a is 0 or a non-square in F q .
i) the order of q modulo n + 1 is n and, up to multiplication by a non-zero element in F q , b = ζ i n+1 − 1 for some i ∈ {1, . . . , n}; ii) the order of q modulo n + 1 is n or n/2, and
where ε ∈ F q n satisfies T q n/2 (ε) = 1 and, for some i ∈ {1, . . . , n}, δ i = 
CPPs from exceptional polynomials of type A1)
Throughout this subsection we also assume that n + 1 does not divide q − 1. Note that for each e = 0 the polynomial g(x) = (x + e)
n+1 − e n+1 has a non-zero term of degree one. Also, the n distinct roots of
Assume that e ∈ F * q . The polynomial (x+e) n+1 −e n+1 is a good exceptional polynomial over F q if and only if the order of q modulo n + 1 is equal to n.
Proof. The roots of h g (−x) form a unique orbit under the Frobenius map if and only if ζ n+1 does not belong to any proper subfield of F q n . This is equivalent to the order of q modulo n + 1 being equal to n.
Corollary 3.3. Assume that the order of
+1 is a CPP of F q n , for each e ∈ F * q and i ∈ {1, . . . , n}.
CPPs from exceptional polynomials of type A2)
Throughout this subsection we further assume that n + 1 does not divide q 2 − 1. We begin by considering Dickson polynomials
Note that D n+1 (x, a) has a non-zero term of degree 1, for each a = 0. In [4, Theorems 7 and 8] Bhargava and Zieve provide the factorization of
, with a, e ∈ F q , a = 0, and D ′ n+1 (e, a) = 0, is a good exceptional polynomial over F q if and only if one of the following cases occurs: i) p = 2, n/2 is even and the order of q modulo n + 1 is n;
ii) p = 2, n/2 is odd and either e 2 −4a is 0 or a non-square in F q and the order of q modulo n + 1 is n/2, or e 2 − 4a is a square in F q and the order of q modulo n + 1 is n;
iii) p = 2, the order of q modulo n + 1 is n or n/2, and T q n/2 (δ 1 ) = 1, where
In Cases i) and ii), the roots of
and b + 1.
Proof. By [4, Theorem 7] we have
Note that the values e(α i − 2) are pairwise distinct for i = 1, . . . , n; hence, the sets of roots of two distinct quadratic factors of h g (−x) are disjoint.
, if the roots of h g (−x) form a unique orbit under the Frobenius map then the order ord n+1 (q) of q in Z * n+1 must be either n or n/2.
Thus, we check when β 2 i (e 2 − 4a) is a non-square in F q n/2 , so that the (n/2)-th power of the Frobenius map permutes the roots of h g (−x). Note that if ord n+1 (q) = n/2, then β q n/2 i = β i and therefore β 2 i is a square in F q n/2 ; if on the contrary ord n+1 (q) = n, then β q n/2 i = −β i and β 2 i is a non-square in F q n/2 . Also, n/2 even implies that (e 2 − 4a) is always a square in F q n/2 , whereas if n/2 is odd then (e 2 − 4a) is a square in F q n/2 if and only if it is a square in F q .
If e 2 − 4a = 0, then h g (−x) is a square and its roots form a unique orbit under Frobenius. This completes the proof for p = 2.
For p = 2, similar computations using the solutions of quadratic equations in characteristic 2 provide the claim.
CPPs from exceptional polynomials of type B)
Throughout this section we assume that n + 1 = p. For p = 2, it is straightforward that there exist no exceptional polynomials of type B); hence, we assume that p = 2. We denote by N Fq/Fp the norm map
+1 is a CPP of F q n if and only if, for some divisor r of n, one of the following cases occurs:
Proof. Up to CPP-equivalence, the only indecomposable exceptional polynomials of degree p over F q are the polynomials
where r is a divisor of n and k = n/r, with a, e ∈ F q , a q−1 r = 1; see [14, Theorem 8.4.14] . Hence,
We distinguish a number of cases.
• a = 0. In this case the polynomial g(x) = (x + e) p is not good.
• e = 0 and a = 0. We have that h g (−x) = ((−
Note that e r = a, since a
q−1 r . We show that R actually consists of the p−1 distinct roots of h g (−x). Assume on the contrary that Let i ∈ {1, . . . , p − 1} be the smallest positive integer such that (
k − e, so that the elements of R are in the same orbit under the Frobenius map if and only if i = p − 1.
Since u
which is equivalent to
and hence (v 0 /u 0 ) p−1 = 1; this implies a = e (p−1)/k = e r , impossible. This means ξ = 1, that is a
Since 
CPPs from exceptional polynomials of type C)
In this section we deal with one of the three classes of exceptional polynomials of type C), namely the third class in [14, Theorem 8.4 .12 with e = 1].
Proposition 5.1. Let p = 3, s = p r > 3, gcd(r, 2m) = 1. The exceptional polynomial f e (x) = (x + e)((x + e) 2 − a)
, where a is a non-square in F * q , is not good over F q .
Proof. Following [19, Prop. 2], consider τ (y) = (Ey + F )/(F y + E)
, with E, F, E, F ∈ F q 2 and EE − F F = 1. The points (x, y) of the curve with equation
are exactly the points such that x = τ (y), where the choice of (E, F ) is unique up to replacing (E, F ) by (−E, −F ) and one of the following cases occurs:
• EF EF (q−1)/2 = −1 and F F = −1/2 ;
• EF EF (q−1)/2 = 1 .
For e ∈ F q , a zero of h fe (−x) = fe(−x)−fe(0) −x corresponds to the point (−x + e, e) of the curve defined by
x−y = 0, that is x = y − τ (y) for some τ as described above. Since E, F, E, F ∈ F q 2 , we have (τ (y)) q 2 = τ (y) and x q 2 = x. Therefore, the roots of h fe (−x) are not in a unique orbit under the Frobenius map.
CPPs from exceptional polynomials of type D)
Throughout this section we assume that n + 1 = p r with r > 1. No complete classification of indecomposable exceptional polynomials of type D) is known. The following propositions deal with the cases related to linearized polynomials.
is a linearized polynomial of degree n + 1. For e ∈ F q we have that S e (x) = (x + e) j H k (x + e) − e j H k (e) is a good exceptional polynomial over F q if and only if the elements e − (e 0 − ℓ) k belong to a unique orbit under the Frobenius map, where e 0 is a fixed k-th root of e and ℓ ranges over the roots of L(x) \ {0}.
Proof. Following [8, Theorem 2.1] we give the factorization of the curve defined by
and write
where γ h ∈ F q . Then the roots of H(t) and
Consider the curve C S defined by S 0 (x) − S 0 (y) = 0. Clearly, the points (x, y) of C S satisfy y = ζ 
In general, it is not easy to establish when the elements e − (e 0 − ℓ) k belong to the same orbit under the Frobenius map. The following propositions provide two families of good exceptional polynomials arising from linearized polynomials. Proof. Let ǫ = gcd(m, p r − 1) and ℓ(x) ∈ F q [x] be a primitive polynomial of degree r/ǫ over F p ǫ , so that ℓ(x) is irreducible over F p ǫ and has order p r − 1. Let L(x) ∈ F q [x] be the linearized p ǫ -associate of ℓ(x). Then, by [12, Theorem 3 .63], the polynomial L(x)/x is irreducible over F p ǫ . Let α be a non-zero root of L(x). Then the field extension F p ǫ (α) : F p ǫ has degree p r − 1, while the extension F q : F p ǫ has degree m/ǫ. The field F q (α) is the compositum of F q and F p ǫ (α); since gcd(m/ǫ, p r − 1) = 1, we have that [F q (α) :
is irreducible over F q , and the thesis follows.
7 The cases n + 1 = 8 and n + 1 = 9
The aim of this section is to study the cases n + 1 = 8 (with p = 2) and n + 1 = 9 (with p = 3). Since no complete classification of exceptional polynomials is known, we study the existence of good exceptional polynomials via algebraic curves associated to a PP. In fact, a polynomial f (x) is a PP of F q if and only if the algebraic curve C f of degree n with equation
has no F q -rational points off the ideal line and the line x = y. For q large enough with respect to the degree of f (x), by the Hasse-Weil bound this is only possible when C f splits into components not defined over F q ; see for instance [1] . On the other hand, if C f has no absolutely irreducible component defined over F q , with the only possible exception of the line x = y, then f (x) is a permutation polynomial over an infinite number of extensions of F q , that is f (x) is exceptional over F q ; see [7] and [14, Chapter 8.4 ].
7.1 n + 1 = 8, p = 2
Proof. The equation of the curve C f reads
Applying the Frobenius automorphism t → t q to the factors of C f it is easy to conclude that if the curve C f does not have absolutely irreducible components defined over F q , then the curve contains either two conics and three lines or seven lines. The unique ideal point of C f is (1 : 1 : 0). A line ℓ that is a component of the curve C f has equation ℓ : y = x + α and
If the line ℓ is not defined over F q then α ∈ F q \F q ; this yields A 2 = A 3 = A 5 = 0, and the last equality becomes α 7 +A 4 α 3 +A 6 α+A 7 = 0. It is easily seen that if A 2 = A 3 = A 5 = 0 then the curve C f contains the seven lines y +x+α i = 0, i = 1, . . . , 7, where α 7 i +A 4 α 3 i +A 6 α i +A 7 = 0, and therefore C f cannot split in two conics and three lines.
Thus, the only open case occurs when C f splits in seven lines either not defined over F q or equal to x − y = 0.
Therefore f (x) is exceptional if and only if T 7 + A 4 T 3 + A 6 T + A 7 has no roots in F q and it is good exceptional if and only if T 7 + A 4 T 3 + A 6 T + A 7 is irreducible over F q since all the roots must be in the same orbit. 
+1 is a CPP of F q 8 if and only if b is, up to a scalar multiple in
7.2 n + 1 = 9, p = 3 Proposition 7.5. Let q = 3
h . The polynomial
is exceptional over F q if and only if one of the following cases occurs.
and
and x,
where
where 2A 2 is not a square in F q .
Proof. The curve C f associated to the polynomial
where A i ∈ F q , i = 1, . . . , 8, A 0 = 1, and A 8 = 0.
• Suppose that C f contains a line ℓ with equation ℓ : y = x + α, where α = 0 or α / ∈ F q . Then α satisfies:
This implies A 1 = A 2 = 0. We distinguish two cases.
We have to require that the polynomial T 6 + A 3 T 3 + A 6 has no roots in F * q . -α = 0. Then A 4 = 0. The conditions above read 5 ) = 0. Since the sextic is defined over F q , it must split either in three conics or in two cubics. In the first case it is easily seen that all of them must be fixed by ψ.
If a conic of equation (x − y)
2 + α(x + y) + β = 0 is contained in the sextic then in particular A 
Then in particular λ = −a In both the cases a 3 = 0, impossible.
• Suppose that C f splits in four absolutely irreducible conics. There are three distinct possibilities, depending on the number of components fixed by ψ.
1. All the conics are fixed by ψ. In this case the four conics are defined by 2. Two conics are fixed by ψ and two are switched. We can assume
By direct compuation, we get immediately A 1 = A 2 = A 4 = A 5 = A 7 = 0 and A 3 A 8 = 0, and hence F (x) is of type (2) or (3).
3. No conic is fixed by ψ. We can assume
Also in this case we get A 1 = A 2 = A 4 = A 5 = A 7 = 0 and A 3 A 8 = 0, and hence F (x) is of type (2) or (3).
• Suppose that C f splits in two absolutely irreducible quartics Q 1 and Q 2 . The automorphism ψ can either switch or fix the two components.
In the former case, Q 1 and Q 2 have the form
Q 2 : (x − y) 4 + α 4 x 3 + α 3 x 2 y + α 2 xy 2 + α 1 y 3 + β 3 x 2 + β 2 xy + β 1 y 2 + γ 2 x + γ 1 y + δ = 0.
We get A 1 = A 2 = A 3 = A 4 = A 5 = A 7 = 0; hence, we have case (3).
In the latter case, Q 1 and Q 2 have the form Q 1 : (x − y) 4 + α 1 x 3 + α 2 x 2 y + α 2 xy 2 + α 1 y 3 + β 1 x 2 + β 2 xy + β 1 y 2 + γ 1 (x + y) + δ 1 = 0, Q 2 : (x − y) 4 + α 3 x 3 + α 4 x 2 y + α 4 xy 2 + α 3 y 3 + β 3 x 2 + β 4 xy + β 3 y 2 + γ 2 (x + y) + δ 2 = 0.
Since A 1 = 0, we obtain A 2 A 4 = 0.
-Suppose A 2 = 0 and A 4 = 0. Then A 6 = A 
